It is shown that the conventional Born series for relativistic electron scattering in the Coulomb field cannot be used for calculating the scattering characteristics. The differential cross section at small scattering angles is found on the basis of the Furry-Sommerfeld-Maue solution of the Dirac equation. Propagation of the electron wave packet is considered in order to separate the incident and scattered fluxes. It is shown that the total scattering cross section proves to be finite but depends on the distance r between the scattering center and the observation point. It is also shown that the polarization characteristics of the scattered beam are changed due to the long-range character of the Coulomb potential. The results can be important because Coulomb scattering is often used for normalization of experimental data in high-energy physics.
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I. INTRODUCTION
The problem of scattering of a charged particle in the Coulomb field is described in textbooks on quantum mechanics and quantum electrodynamics [1, 2] . It is the generally accepted view that the differential cross section dσ (θ ) of the particle scattered in the solid angle d is described by the Rutherford formula in the nonrelativistic case (h = c = 1),
and the Mott formula for the relativistic particle,
where Z is the nucleus charge number; m, p, and ε are the particle mass, momentum, and energy, respectively; v = ε/p; α = ; and θ is the scattering angle. Thus, the main measurable characteristic of the scattering process has a nonintegrable singularity as θ → 0. One may argue that this singularity does not lead to any problem because the detector cannot be arranged at such a small angular range in a real experiment. Besides, the Coulomb potential is usually screened in real matter and the scattering amplitude is finite for all angles in this case. However, there are a series of reasons for investigating this singularity further. First, this singularity means that the flux of scattered particles could exceed the incident flux and this is a violation of the particle conservation law. This fact contradicts the finite value of the exact wave function of the system in the whole space. Second, there are some physical characteristics (for example, mobility of charged particles in semiconductors or parameters of the kinetic equations in plasma) that depend on the total or transport cross sections: σ tot = dσ (θ ), σ tr = (1 − cos θ )dσ (θ ), and some phenomenological parameters should be introduced in order to calculate them in Refs. [3] [4] [5] .
This problem was analyzed in detail in a recent paper [6] for the nonrelativistic case. It was shown that in the case of the Coulomb potential the conventional asymptotic form of the wave function was unavailable for the calculation of the differential cross section in the range of small scattering angles. Fortunately, there is an exact solution of the Schrödinger equation with the Coulomb potential. Then the correct flux of the scattered particles was calculated and the differential cross section was defined. It proved to be finite in the entire angular range. The total cross section and the transport cross section were also finite and dependent on the distance between the scattering center and the position of the detector. The conservation of particle flux was proved. It could be considered an analog of the "optical" theorem in the case of the Coulomb scattering.
It is of great interest to generalize these results for relativistic particles, namely for experiments in high-energy physics when electrons collide with bare nuclei without screening. In this case, the specific effects of the long-range Coulomb potential could be essential for analysis of the experimental data. In accordance with the results of Refs. [6, 7] , the conventional Born series is unavailable for the description of these effects and the accurate nonasymptotic wave function should be used in this case. Unlike the nonrelativistic case, the analytical exact solution of the Dirac equation in the Coulomb field is known only in the spherical coordinate system that is inconvenient for the small-angle scattering problem. Therefore, the Furry-Sommerfeld-Maue (FSM) approximation [8] for the wave function in the parabolic coordinates is used in our paper for nonasymptotic analysis of the scattering problem at small angles. It allows us to show that all observable values are finite in a whole angular range and can be calculated in a closed form. The propagation of the scattered electron wave packet is analyzed in order to divide the incident and scattered fluxes in the case of small scattering angles when the wave function has no conventional asymptotic form. It is also shown that the different polarizations of the incident and scattered particles appear in the relativistic case. Hence, the measurement of polarization may allow one to separate the scattered particle flux from the incident beam experimentally and to observe the nonasymptotic effects in the small-angle scattering.
Small-angle scattering in the Coulomb field for the nonrelativistic case was also considered in a separate series of papers [9] [10] [11] [12] . Regularization of the scattering amplitude was obtained therein by means of the Born series reconstruction, taking into account the distortion of the incident plane wave due to the long-range potential. Unlike of this approach, we consider the problem in a nonperturbative way and in the framework of the nonstationary theory in order to analyze distribution of the scattered flux. This paper is organized as follows. In Sec. II, the main characteristic parameters of the Coulomb scattering are discussed in order to show that the asymptotic theory is not applicable in the range of small angles. In Sec. III, it is shown that the conventional asymptotic Born series for the wave function does not exist in the case of the Coulomb potential if the successive terms of the series are calculated strictly. In Sec. IV, the differential cross section is found in a nonperturbative and nonasymptotic way and it proves to be finite in the whole angular range. The polarization of the scattered electrons as well as the integral scattering characteristics are calculated in Sec. V.
II. CHARACTERISTIC PARAMETERS
Let us recall the conventional description of the scattering process for the stationary quantum state when the incident particle is described by the plane wave with momentum p (Fig. 1 ). By analogy with wave scattering in optics and radio physics, two zones may be considered. The first one (the "near" zone) can be defined as the domain where the fronts of the scattered and incident waves cannot be separated. In the second one (the "far" zone), the phase of the scattered spherical wave differs essentially from the phase of the incident plane wave and the standard asymptotic representation for the wave function can be used:
wheref ( p, p ) is the scattering amplitude operator, r is the distance from the scattering center to the observation point, and u( p) is a constant Dirac bispinor corresponding to a free electron. However, the asymptotic form (3) cannot be used in the near zone. The boundary (θ 0 ) between these two zones is determined from the condition that the interference between the plane and spherical waves can be neglected [6] :
One can see that the angular range of the near zone depends on r and is nonzero for any finite distance from the scattering center. This result is general and does not depend on the type of the potential. However, the influence of this zone on the scattering characteristics is qualitatively different for longand short-range potentials.
Let us estimate the flux N int of particles scattered in the domain of the near zone for both cases. For a short-range potential, it leads to
where j 0 is the initial flux of particles. In this case the value σ (0) is finite and the number of particles scattered in the angular range where the interference effects could be essential decreases quickly as the distance r increases. Hence, their contribution to the total scattered flux can be neglected. However, the estimation changes substantially for a longrange potential. For the Coulomb field, one can estimate the cross section at the boundary of the near zone by means of Eq. (2) . That leads to
The minimal scattering angle θ min can be estimated through the width of the incident wave packet:
where a is the transversal size and p is the momentum dispersion of the particle beam. Then the number of particles scattered per unit of time within the near zone increases at long distance r for the Coulomb potential,
and can be comparable with the number of incident particles (2πa 2 j 0 ) if pa 2 /r < 1. This means that the contribution of these particles should be taken into account when the scattering results are analyzed. Actually, this inequality coincides with the condition that the interference effects in the scattering process could be observable within the domain where the scattered and incident particles can be still separated. It means that the angular boundary of the near zone should be out of the angle zone defined by the incident beam size:
We recall also that the distance r cannot be too large as the condition of "nonspreading" of the wave packet should be fulfilled for particle collisions [13] . In the relativistic case, this means
which can be consistent with Eq. (8) .
A specific feature of relativistic particle scattering is the dependence of the polarization characteristics on the scattering angle and the asymmetry of scattering for polarized beams. If the asymptotic wave function is used, the asymmetry of the Coulomb scattering appears only in the second order of the Born series. However, it is shown below that the polarization effects in the near zone prove to be more complicated and allow one to distinguish the scattered particles.
III. NONEXISTENCE OF THE CONVENTIONAL BORN SERIES FOR THE SOLUTION OF THE DIRAC EQUATION IN THE COULOMB FIELD
It is a commonly used statement in textbooks that the first order of the Born series in the case of the Coulomb field leads to a modulus of the scattering amplitude that coincides with the exact result. However, let us show that this statement contradicts the result of a strict calculation of the particle wave function in the framework of perturbation theory.
The conventional Born series is the result of the recurrent solution of the integral equation that is obtained from the Dirac equation for the continuous spectrum states [2] :
where γ ν ,ν = 1,2,3,4, are the Dirac matrices; ψ(r) is the unknown bispinor wave function; u( p,ε) is the bispinor, corresponding to the free electron and normalized asūu = 2m; and g(r − r ) is the Green function of the Dirac equation,
The integral equation (10) is usually solved by iteration starting from
Then the first term of this expansion (Born series) is defined as follows:
It is usually supposed that the coordinate r of the observation point satisfies the inequality r r (13) and the following expansion is used:
This leads to the asymptotic form for the first-order correction to the wave function:
However, this asymptotic expansion is correct only for a short-range potential that decreases faster than 1/r s , s 3 [7] . For the Coulomb case, the integration domain V is unlimited and condition (13) is not fulfilled. Therefore, the validity of the asymptotic form (15) for the wave function should be verified.
Fortunately, in the case of the Coulomb potential the firstorder Born wave function can be calculated without asymptotic expansion of the Green function. The problem reduces to the analytical calculation of the following integral:
In the first step, let us apply the Fourier transformation to the Green function and the Coulomb potential and calculate the integral over r :
where the symbol (+i0) defines the correct Green function pole. Now one can use the Feynman parametrization
This leads to the following result:
The integral is calculated in the usual way. Introducing α as an angle between vectors Q and r, one obtains
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Applying the residue theorem to (19) gives
One can see that the integral diverges logarithmically. Therefore, the conventional Born series for the wave function does not exist for any scattering angle in the case of the Coulomb field. It means that, if one uses the conventional asymptotic form (15) in order to obtain the Rutherford or Mott formula, the infinite contribution to the wave function is omitted. It was shown in Refs. [9] [10] [11] [12] for the nonrelativistic case that this contribution is compensated if the distortion of the plane wave is taken into account. In the result, the reconstructed perturbation series was built with every term finite for all angles. Apparently, the analogous method could be also applied for the relativistic electrons. However, we consider this problem below by means of another approach based on the nonasymptotic and nonperturbative solution of the Dirac equation.
IV. DIFFERENTIAL CROSS SECTION IN THE FSM APPROXIMATION
It is well known that the exact solution of the Dirac equation in spherical coordinates does not match the geometry of the scattering problem and the partial wave series cannot be summarized in the general case. However, there is the analytical FSM approximation [8] available in the small scattering angular range that is most interesting for us:
where + (−) corresponds to the converging (diverging) wave,
, and the constant bispinor amplitude u is The wave function (21) describes both the scattered flux and the particles that did not change state (transition flux). In the framework of stationary scattering theory, these contributions are separated if the asymptotic form (3) of this function is used and the scattered flux is calculated with a spherical wave. However, the physical background for this separation is defined by time collision theory, as was shown in detail in Ref. [13] . Let us recall briefly this approach for conventional scattering theory because it is generalized below for the considered nonasymptotic analysis.
In real scattering processes the particle is represented as the wave packet localized near the point r 0 at the moment t = 0:
where G( p) andG(r) define the wave-packet form in the momentum and coordinate representations, respectively. As an example, in the case of the normalized Gaussian wave packet, they have the following form:
with a as the space width of the packet and p 0 as its central momentum.
If one uses the asymptotic expression (3) for the stationary solution of the Dirac equation, the wave-packet evolution is described as follows:
One of the main results of the asymptotic theory is that the observable scattering characteristics are defined by the potential properties only and do not depend on the form of the packet [13] . Mathematically, this follows from the assumption that the functionf ( p, p ) is rather smooth in comparison with the function G( p). Then one can use the following approximation: 
Here the first term describes the spreading of the "incident" wave and the second one corresponds to the "scattered" wave. They are clearly separated in space if a localized wave packet is considered. As an example, if a coordinate system with the x axis directed along v 0 and the Gaussian wave packet are used, the functionG takes the following form:
where r ⊥ is the transverse distance from the x axis. This means that the incident part of the packet is negligible if r ⊥ ≈ rθ > a, that is, θ > a/r. At the same time the scattered wave packet is localized in the whole spherical shell with radius r and width a. Figure 2 shows the sketch of the packet propagation. In the dotted region, the flux is defined only by the scattered wave packet. In this case the differential cross section is equal to |f ( p 0 , p 0 )| 2 independently of the wave-packet form and with the scattering amplitude calculated from the stationary scattering theory.
However, these arguments cannot be applied directly to the Coulomb potential because the scattering amplitude has a nonintegrable singularity in this case and formula (27) 
Here F (a,b,iz) is the confluent hypergeometric function that defines the exact solution of the Schrödinger equation, and C = e πξ/2 (1 − iξ ) is the normalization constant; z = pr − p · r.
The function F (a,b,iz) can be represented as a sum of two hypergeometric functions of the third genus, U 1,2 (a,b,iz) [14] :
iz). (30)
This well-known expansion is usually used for the asymptotic analysis of Coulomb scattering [1] because in the far zone (z 1), U 2 (±iξ,1,iz) leads to the plane-wave function and U 1 (±iξ,1,iz) leads to the spherical wave function with the coefficient that defines the scattering amplitude. As in Ref. [14] , both functions of the third genus in the expansion (30) have logarithmic singularities in the near zone (z < 1). However, as was shown in Ref. [6] , the expansion (30) can be used in Eq. (29) in the whole angular range because these singularities are integrable. There it was proved that the scattered flux could be calculated using only the function U 1 (iξ,1,iz) and remained finite and independent of the form of the wave packet within the whole range of scattering angles if condition (9) was fulfilled.
One can try to use the same approach for relativistic Coulomb scattering. In the FSM approximation, the wave function (21) can be represented as the sum of two functions:
The function (1) has the same form as for the nonrelativistic case, and only the part of it corresponding to F (iξ,1,iz) →
(iξ )
U 1 (iξ,1,iz) can be used for calculation of the scattering flux analogously to Ref. [6] .
However, this approach proves to be inapplicable to the function (2) (r) that is specific to the relativistic case. If one uses expansion (30) for F (iξ + 1,2,iz), the function U 1 (iξ + 1,2,iz) has a nonintegrable singularity ∼1/z as z → 0 and it is not possible to separate the scattered flux throughout the whole angular range. Therefore, an additional analysis of the wave-packet evolution is required for the relativistic problem. Let us apply the stationary states (21) at the wave packet (29),
It is evident that the bispinor u( p) is a rather smooth function of the momentum and it can be referred to the central momentum p 0 of the wave packet. This allows us to take into account the polarization characteristics of the process before the separation of the scattered and incident waves.
Let us represent the wave function (31) in the following form:
with the functions (r,t) and 1 (r,t), which do not depend on the spin variables.
052703-5
We use definition (22) in order to represent wave function (32) in a form that can be compared with the conventional description of the relativistic scattering [2] ,
where T 1 and T 2 are the scattering operators
Let us suppose that the polarization of the electron in the initial state is described by the density matrix operator
where ζ is the electron polarization vector (average spin of the electron in the reference frame where it is in rest). The wave packet (32) allows one to calculate the probability for the particle with arbitrary polarization to cross the area of the detector d = r 2 d in a unit of time and the polarization vector ζ for the electron in the final state: 
The polarization of the final electron state is different from that of the initial state and is described by the density matrix defined as follows [2] :
Substituting Eq. (38) into Eq. (36) and using expression (34) for the scattering operators, one can obtain
where
The polarization is a complicated function of r as well as a differential cross section. If the initial electron is not polarized (i.e., ζ = 0), the scattering electron still will obtain a certain polarization. This contradicts the Mott formula (2) . (In the conventional asymptotic theory, polarization appears only in the second-order term of the Born series.) The number of polarized particles which appear as the result of scattering of a nonpolarized beam is usually described with the asymmetry of scattering, (θ ):
In order to find the scattering cross section, one should pass to the stationary flux of the incident particles instead of the one-particle wave packet. According to Ref. [13] , in this case the initial coordinates r 0 should be considered as uniformly distributed with the density ρ 0 in space and the flux is integrated over these coordinates. As an example, one can find for the incident flux
where 0 is a solution of the free Dirac equation.
As one can see, the scattering flux in Eq. (37) includes four terms:
Each of these terms is finite at any scattering angle because the functions and 1 in Eq. (32) are well defined in the entire range of their arguments. The problem is how to separate the scattered flux and to exclude the dependence on the wave-packet form in the values in Eqs. (42) when calculating the scattering cross section. As was mentioned above, this problem was solved in Ref. [6] for nonrelativistic particles using the expansion (30) for the hypergeometric function. According to the definition in Eq. (32), the value j 1 is defined by the same hypergeometric function as in the nonrelativistic case. This means that, in the first term of Eq. (37), the scattered flux is calculated by substitution of the hypergeometric functions of the second kind, 1/ (iξ )U 1 (iξ,1,iz), instead of F (iξ,1,iz):
As was shown in Ref. [6] , if one uses the integral representation [14] for the function U 1 (iξ,1,iz) and Eq. (32) for G( p,t), the integral in Eq. (43) transforms as follows:
This corresponds to the spherical wave packet in Fig. 2  with the amplitude defined by the function U 1 (iξ,1,iz 0 ) referring to the central momentum of the packet. When stationary conditions are considered, the scattered flux should be integrated over r 0 as in Eq. (41) and the following contribution to the cross section can be found independently of the form of the wave packet:
This value still has a logarithmic singularity since
. It is conditioned by the fact that the incident and scattered fluxes are not separated for angles θ < θ min from Eq. (6) , where the total flux should be calculated with the function F (iξ,1,iz). However, the singularity in Eq. (45) is integrable and the contribution of the scattered flux over the angle range θ < θ min is ∼ θ 1. It is negligible when analyzing the cross section within the whole near zone, θ < θ 0 , because of inequality (8) . This means that Eq. (45) is available in the entire range of the scattering angle analogously to the nonrelativistic case [6] .
In the same way, one can calculate the contributions to the cross section from the second and third terms in Eq. (42):
In spite of the more singular behavior of the function U 1 (iξ + 1,2,iz) ∼ 1/z, z → 0, the cross sections (46) ∼ln z because of the term (1 − n · ν 0 ) ∼ z. The value in Eq. (47) ∼ζ ln z/ √ z. It means that both contributions remain integrable at small angles. Thus, they are also available in the entire range of the scattering angle and do not depend on the wave-packet form in the case of stationary incident flux. However, the cross section conditioned by the scattered flux j 4 in Eq. (42) cannot be considered this way because (1 − n · ν 0 )|U 1 (iξ + 1,2,iz)| 2 ∼ 1/z, z → 0, has a nonintegrable singularity. Hence, at small angles, Eq. (30) is not available and this term should be calculated with the hypergeometric function. It includes the following integral:
Using the expansion (26) one can find
where the quadratic term q 2 ⊥ /2p 0 should be taken into account in the case of small scattering angles, and q ⊥ is an absolute value of vector which is orthogonal to q.
Let us choose the Gaussian form of the wave packet and the coordinate system in accordance with Eqs. (24) and (28) in order to make the further analysis more clear. In this case Eq. (49) transforms as follows:
In the entire angular range, the value q x (r − x) z 0 = p 0 (r − x) because of |q x | ∼ 1/a p 0 . Hence, one can integrate over q x in Eq. (50), putting q x = 0 in the hypergeometric function argument
Let us now consider the integral
where φ is the angle between r ⊥ and q ⊥ . It is most important to analyze it for small angles comparable with the width of the near zone. In this case, the dimensionless variables η and y are convenient:
Taking into account the definition of the angle θ min with Eq. (6),
the integral (52) can be transformed as follows:
Evidently, this value is finite because it includes only the convergent integrals, and the result of integration in Eq. (55) will depend on the width of the wave packet of which the form is not controlled in the experiment. However, the contribution of this flux to the total cross section proves to be not very sensitive to precise values of the wave-packet parameters because it depends on them only logarithmically. This allows one to take the function
)] out of the integral at some "average" values for y and ϕ. Then the term proportional to y is close to zero because of averaging over ϕ uniformly distributed in the interval 0 < ϕ < 2π . The quadratic term can be approximated as
depending on the average space widthã of the wave packet. Then one can separate the contributions of the scattered and incident fluxes in Eq. (55) by means of the expansion (30). This results in
This leads to the scattering cross section as an integrable function of angle, because the function
the wave packet is not taken into account.
Then the last contribution to the scattering cross section for the stationary incident flux can be calculated in a form analogous to Eqs. (45) and (47):
Let us now write the final result for the differential scattering cross section and the polarization asymmetry for an unpolarized incident electron beam (ζ = 0). In this case the result does not depend on the azimuthal angle, and the dimensionless variable can be used for analysis of the small-angle range 
This value should be compared with Mott's formula (2) written in the same variables:
It can be verified that in the far zone when η 1, 1 θ θ 0 , where the asymptotics of the functions U 1 can be used, both formulas coincide. However, they are essentially different within the near zone. Figure 3 compares the nonasymptotic cross section dσ (η), the Mott cross section dσ M (η), and the Rutherford cross section dσ NR (η) for some values of the scattering parameters. One can see that the value dσ (η) is finite and coincides with dσ M (η) when η 1, θ θ 0 . Besides, dσ (η) converges to the result from Ref. [6] for a nonrelativistic electron (p 0 < m) when dσ M (η) → dσ NR (η). It should be noticed that the scale along the η axis is proportional to the value √ p 0 . 
This value can be compared with the result of the Born series to second order [2] written in the same variables: Figure 4 represents this comparison in logarithmic scale because the asymmetry is a small value.
As was stated above, the asymmetry depends onδ as the "average packet parameter." Figure 5 shows the asymmetry for different values ofδ. 
V. NUMERICAL RESULTS FOR THE INTEGRAL SCATTERING CHARACTERISTICS

